Minimum Energy Requirements of Thermally
Coupled Distillation Systems

Energy requirements of four different thermally coupled distillation

systems were minimized for an assumed ideal ternary solution being
separated. Minimum vapor flows and values of decision variables have
been found in the form of analytical expressions. This enables making a
quick and simple comparison of these systems. The solution method
can be used for synthesis of separation systems or for screening calcu-

lations.

Introduction

Thermally coupled distillation systems consist of columns
connected by liquid and vapor countercurrent streams. There
are four types of these systems for separation of a ternary solu-
tion, as shown in Figures 1-4; they are called here TCS, TCS-I,
TCS-R, and TCS-S. Thermodynamic aspects of the distillation
process carried out in thermally coupled systems were discussed
by Petlyuk et al. (1965). Spadoni and Stramigioli (1983) pre-
sented a design method for the TCS. Tedder and Rudd (1978)
compared the TCS-R and the TCS-S with six other systems for
separation of a ternary solution, using total annual cost as the
goal function. Fidkowski and Krdlikowski (1986) presented an
optimization procedure of the TCS based on minimization of
energy requirements. The aim of the present work is to deveop
the optimization procedure for three other thermally coupled
systems, TCS-I, TCS-R, and TCS-S, and to compare these sys-
tems.

It is assumed that a ternary, ideal solution ABC with constant
values of relative volatilities and equimolar internal flow rates is
separated into almost pure components. Components are ranked
in decreasing order of relative volatilities: o, > ap > ac. Feed is
introduced and products are obtained in the boiling liquid state.
The substitutional goal function is defined as the sum of mini-
mum vapor flow rates from reboilers of the given system
required for the demanded separation. Values of the substitu-
tional goal function are proportional to energy requirements of
separation, provided that the same cooling medium is used in all
condensers and the same heating medium is used in all reboilers
of the system. Energy requirements are usually the dominant
factor in the total cost of a distillation plant (Doukas and Luy-
ben, 1978; Tedder and Rudd, 1978; Nishida et al., 1981). This
substitutional goal function was used by Rod and Marek (1958)
and tested by Tedder and Rudd. The definition is convenient
because of the universality of the goal function, which does not
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depend on material and energy prices. Minimum reflux ratio
was calculated using the classic method of Underwood (1948).

Optimization of TCS and TCS-I

Systems TCS and TCS-I are presented in Figures 1 and 2.
The optimization procedure for the TCS has been described
elsewhere (Fidkowski and Krélikowski, 1986). Analyzing bal-
ances of the inner liquid and vapor streams in the TCS-I one can
obtain the following set of linearly independent equations:

Vi=L,+A+ BB (1a)
L=L+F (1b)
V,=L +A+pBB (lc)
Vy=L,+ A (1d)
ZII:LII_LI (le)
Vi=Ly— L, — BB (1f
Ly-L;—L -8 (1g)
V=L, L, — BB (1h)
Ly=-Ly+A+C (1)
Vin =Ly + A (1)

where 8 is defined as the fraction of component B in the top
product of the first (inner) column:

Viys — Lixy

3 ()

B =
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Figure 1. Thermally coupled system (TCS).

The optimization task for the TCS-1 is formulated as follows:
Minimize ¥V}, subject to the inequality constraints

M
VI = Vl
M
Viz=Vy
M
V=V

(3)

and to the equality constraints, Eqs. 1a—1j.

Balance equations and formulation of the optimization task
are identical with those for the TCS, so the same solution proce-
dure may be repeated. The solution is as foltows:

— A A B
Vip = max At ST “)
as— ¢ g — ¢ oz — b
where ¢, and ¢, are roots of Underwood’s equation:
A B C
R A N L S (5)
a,—¢ oap—¢ ac—¢
satisfying the relations:
Ac< ¢y <ag<¢, <ay, (6)
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The optimum values of decision variables § and L, are contained
in the closed section PR on the plane (3, L;), where coordinates
of the segment ends are:

Qg — O¢

3? = (7)
ay — ¢
A+B+C
L, - A+ B+ Clac @)
a, — Q¢
8, = LI‘;‘"(aA — 0‘8) — Aay (9)
ROLPa,— (LP + A4+ Qg
Ba
L, =L#|1 — 4 10
Te La, — (L + A+ C)ag (10)
and
Liy' = Viy - 4 (an

Values of the remaining operational parameters in optimal con-
ditions may be calculated from Egs. la-1j.
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Figure 2. Thermally coupled system with inner column
(TCS-)).

Optimization of TCS-R

In order to select decision variables of the TCS-R, inner
streams of phases in particular sections of distillation columns
were balanced, Figure 3. Linearly dependent equations were
removed using the Gaussian elimination method. The final set
contains six linearly independent equations with eight unknown
variables.

V,— L~ A (12a)
Vir=Vu—V, (12b)
Ly=L + Ly (12¢)
Vi=Ly—C (12d)
Vig — Ly = B (12¢)

V=V, (12f)

Two variables must be selected as decision variables in order
to solve this series. Let them be L, the liquid flow rate in the
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first column below the side stream, and V, the vapor flow rate
in the rectifying column. Assuming values of these variables,
one can calculate all the other variables:

Vy=Ly;—C (13a)
Lyy=Vy — B (13b)
Vi=Ly— Vi~ C (13c)
Li=Ly~Vy—-4-C (13d)
L=-L,—Vy+C (13¢)
Vi=Ly—Vyu—C (13f)

The goal function of the TCS-R is vapor flow rate ¥, and the
optimization task is formulated as follows:

Minimize ¥}, subject to

Vi= V¥
V= Vi (14)
and to the constraints given by Egs. 13a—13f.
The problem will be expressed in terms of decision variables
using these equality constraints.

Constraint V, = V}

The minimum vapor flow rate V¥ is calculated from Under-
wood’s equation:

A
VM _ max —224 (15)
=12 o, — ¢’.
where ¢, are roots of Eq. 5. Because of inequalities in Eq. 6, the
maximum value of ¥” is obtained fori = 1:

A
yr o 224 (16)
oy — ¢

Using Eq. 13c¢, the first constraint in the optimization task can
be rewritten as follows:

A
L Ct Vi an

Ay — @

Ly=

The righthand side of the upper inequality will be denoted by
Ly

Aoy

Ay — @

1
1 -

+ C+ Vi (18)

. M
Constraint Vi = Vi;

The minimum reflux conditions for section 2 (Figure 3) are
determined by the following balance and equilibrium equa-
tions:

L%xﬂ - V%)’B =0 (19)
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Figure 3. Thermally coupled system with rectifying column (TCS-R).

vM_IM_C (20)

ogXg

Ve = (1)

h CgXp + ac(l — .xB)

where symbols x; and y; denote mole fraction of component B in
the liquid and vapor phase, respectively, at level 2 (Figure 3).
From this set of equations one can calculate V¥ or L}f. The con-
sidered constraint ¥, = V¥ is equivalent to L, = LY, so for con-
venience we will find LY, which will be denoted by L{P:

Ca
Mo 22
" “ (ap — ag)(l — xp) 22)

provided that xz # 1, and the constraint takes the form:

Cag
Lyz ———————— (23)
" (ap — ac)(l — xp)
Finally the unknown x; must be expressed as a function of deci-
sion variables. We obtain (see Appendix A):

Bac

e Ve — BY(ap — ag)

(24)
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for

B
Vig > ———2— (25)

g — Qg

Solution of the optimization task

Analyzing Eq. 18 one can notice that L} is a rising function
of Vyy;, whereas from Eqs. 22 and 24 we get that L{? is a descend-
ing function of V;:

Viu 7 = Lip 7
Vg 7 = xgN — LP N

The objective function given by Eq. 13a reaches its minimum
when decision variable L, is minimal and simultaneously satis-
fies the constraints L, = LY and L, = L?. Because of the shape
of functions L{? and L{?, this takes place only in the case when
LY — [P, and the value of decision variable V, is expressed by
the formuia (see Appendix B):

ot} [ Aoy, N Bay + Cac

’H_JE“XA*‘I’! gy — ¢
. \/( Ao, N Boy + Coc\t 4 Ao Cae (26)
ay — ¢ g — O¢ oy —~ Py og — Qg
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As is proved in Appendix C, this value satisfies the inequality in
Eq. 25. Finally from Eqgs. 18, 26, and 13a one can calculate the
optimum value of decision variable L; and the minimum value
of the objective function:

Ao,

Ly = +VE+C N
Ay — b,
Yo opt 1 [ Aay, Bay + Cac
n =ty —L=7
2|a, — ¢y ag — O¢

(28)

\/7Aa,4 N
+ ay— ¢

Optimization of TCS-S

The optimization procedure for the TCS-S is analogous to
that for the TCS-R; therefore it will be presented more briefly.
The system is shown in Figure 4.

The linearly independent system of stream balance equations
contains six equations with eight unknowns. Flow rates L, and
V,; have been selected as decision variables. The rest of vari-
ables can be expressed as follows:

BQB + Cac)z 4 Aa,, Cac

ag — Q¢ ay — ¢ ap — ¢

Vi=L ~Vy+ 4 (29b)
Ly=L~Vy+A4+C (29¢)
L=L —Vy—B (29d)
Lyy=Vu+B (29¢)
V=L, -V, + A4 (29f)

The objective function for the TCS-R is equal to the sum of
vapor flow rates ¥, and ¥, and one can notice—Eqs. 29a, b—
that it is equal to ¥;,. The optimization problem is formulated as
follows:

Minimize V, = V,, + V,;, subject to

V,= V¥
V=Y (30)

and to the constraints in Egs. 29a—-29f.

Vi=L,+ A (29a) Let us express this problem in terms of decision variables.
A
L1
Vi
t@’l_ liguid AB
vapor ] }

AB

d 1

Figure 4. Thermally coupled system with stripping column (TCS-S).
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Constraint V, = V¥

The minimum reflux conditions in section 1 are determined
by the following balance and equilibrium equations:

Vive—L¥x,=~ A (31)
VM _IM 4+ 4 (32)
Viaya — Lyyx, =0 (33)

o X
Ya = (34

- ax, + ap(l — x4

where x, and y, denote the mole fraction of component 4 in the
liquid and vapor stream, respectively, at level 1.
The considered constraint can be replaced by

L=L¥ (35)

where
¥ oL o % (36)

(ay — ap)x,
and
1 a, 37
X, = — ag
o, — Og

for x, # 0and x, # 1.

The constraint, after substituting for the variable ¥, the expres-
sion in Eq. 29f, takes the form:

A B
L=-—204 7% Ly 4 (41)
a,— ¢, oz— ¢,
Let us denote the righthand side of this inequality by L{®:
o - _Aey By (42)

—_— V- A
a,— ¢, azy—¢, "

Solution of the optimization task

On the basis of Eqgs. 36 and 37 one can deduce that L{" is the
descending function of decision variable ¥,

Vip 7 == x4 7 = LN

where L is the rising function of ¥}, (Eq. 42):
Vi = LP »

The objective function depends linearly on decision variable
L,—Eq. 29a—and reaches its minimum for the least value of L,
satisfying the two constraints L, = L{" and L, = L{”. Because of
the shape of function L{" and L{®, this takes place only for L} =
L. The optimum value of decision variable ¥y, can be calcu-
lated from Eqgs. 36, 37, and 42 in an analogous way to the proce-
dure for the TCS-R.

Aa,

Boyg )

ag — ¢,

1
opt __ .1 _ +
Vil 2[ (0‘,4 — &,

Let us notice that because of the condition x,, > 0, the follow-
ing inequality must be satisfied:

Boy

Ay — Qg

(38)

Vi >

Constraint V, =V}

The minimum vapor flow rate V¥ is calculated from Under-
wood’s equation:

—_ A B
V¥ - max G TN i,2
P\, — ¢ ap—

(39)

where ¢,(i = 1, 2) are roots of Eq. 5, satisfying relations in Eq.
6, so it is ecasy to prove that (Fidkowski and Krélikowski,
1985):

Aoy Bay

2 +
ay— ¢ oag— ¢,

(40)

648

Aec, + Ba [l A
4 A 8+ a4 +
oy — Op aA—¢2
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A 2
Bay . aA+BaB)_4(

Aa, Boy )
ag— ¢,

N Aa, ]
Q=@ ag— o, — ap

(43)

a4 — Qg

In a similar way, as shown in Appendix B, it can be proved that
V 2 satisfies the inequality in Eq. 25.

Finally, from Eqs. 42 and 29a we obtain the optimum value of
decision variable L, and the minimum value of the objective
function:

Aa, Bay
Lo — + + V- A 44
7 a, — ¢2 ag — ¢2 m ( )
Vo L+ A4 (45)

Comparison of Thermally Coupled Systems

Let us define the following relations:

1. System 1 < System 2 if optimum values of objective func-
tions for these systems satisfy the relation: V% (system 1) < V'
(system 2), for all positive values of relative volatilities a,, o, a¢
and flow rates of components A, B, C.

2. System 1 = System 2 if optimum values of objective func-
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tions for these systems are equal, for all positive values of rela-
tive volatilities and flow rates of components.

Some necessary formulas

Before the comparison, some formulas necessary for further
considerations will be presented.

Underwood’s equation, Eq. S, can be transformed into a qua-
dratic equation:

ad® + bp +c=0 (46)
The roots of this equation are given by:
~b — Vb — dac

b+ Vb -4
S A W A ey )

&,
2a 2a

where

a=Aa, + Bay + Cag
b= —[Aa,(ag + ap) + Bag(a
A( B C) B A (48)
+ ac) + Cacla, + ag)]
c=(A + B+ Claazac

Using Eqs. 47 and 48 together with Vieta’s formulas one can
prove the following equalities:

Ao (o, — ag)a, — ad) (49)
Aa, + Bay + Ca,

(o, — ¢ ) e, — $) =

Bag(ag — ag)(ay — ap)

3 _ _ 50

(ap — o} ep — @) Aoy + Bag + Cop 50
Cac(a, — ac)ag — )

~ o 51

(ac — @)(ac — ¢2) Aa, + Bog + Cog Gh

Aoy | _Aay _Aag+ Cac  Axgt By o)
ay— ¢ oy &4~ Q¢ %4~ Cp
B B Bay + C Aa, + B

a By Bayt+ Coc Aast Bay o
ap— ¢ oag— ¢, Qg — Q¢ %~

Cap Ca, B Aa, + Cagp B Bay + Cac (54)

+ =
ac— ¢, ac— ¢ a, — o¢ Qg — O

Equivalence of TCS-R and TCS-S

We will show now that TCS-R = TCS-S. Multiplying Eq. 5
by the factor 1 + (o — ¢,)/(az — ), after simple rearrange-
ments we have:

Aa, . Bay + Ca

a,~ ¢

Qg — Q¢

o Ao, ac—q&,_ Co (55)

a,—dog—ac ac— ¢

This expression is now introduced to Eq. 28, and after perform-
ing all the operations under the square root symbol we get the
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following equation:

Aa, oac— ¢, Ca,

as—Qrag~ac ac— ¢,
+-\“_. Aoy o= | Cuc)j (56)
ay—Qrog—ac  ag— ¢

The expression in brackets under the square root symbol is posi-
tive on the basis of Eq. 6, so the following formula is obtained:

Ve (TCS-R) = %[-

Vo(TCSR) — — 2% 2= & (57)
a,— ¢y ag—ac
Finally, using Eq. 51 it is transformed into the form:
yor' (TCS-R)
_ Aay Aa g + Bog a, — ac (58)

a,~ ¢\, — ¢ ag— ¢,/ Aa, + Bag + Cag

The second part of considerations referring to the TCS-S is
analogous. Multiplying Underwood’s equation, Eq. 5, by the
factor 1 + (o, — ¢,)/(a, — ay), one can obtain:

Bay + Aay + Boy _ Cac ay— ¢, (59)
ag — ¢,

e~ Py, — oy

04 — Qg

Introducing this expression into Egs. 43-45, a new formula for
the objective function of the TCS-S at the optimal point is
obtained:

Aw, Bay,
a— ¢

a,— ¢,

ag — ¢y) ay — oy

Vo' (TCS-S) = (60)

Finally after computing (a, — ¢,)/(a; — o) from Eq. 49 and
introducing that into the last equation we have:

A
Yo (TCS-S) = —ot
Ay — ¢
) ( Aay, N Bay a, — ac (61)
ay, — ¢, ag— ¢, Aay + Bay + Cop
)
yr(TCS-R) = V¥ (TCS-S) (62)
for all positive values of 4, B, C and «, ag, a;. Thus
TCS-R = TCS-S (63)

Let us notice that it is possible to find other forms of expression
in Eg. 61.
From Egs. 55, 59, and 61:

Bay+ C B
Yo (TCS-R) = P (TCS-S) = 2+ Z% %

(64)

Qg — O Qg — @y
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From Egs. 5 and 64:

Vo (TCS-R) = V¥ (TCS-S)

_ Aa, N Ca, Bag + Cag (65)
ay — B ac —~ ¢, ag — O¢
From Eqs. 53 and 64:
B A B
Yo (TCS-R) = V¥(TCS-S) = —2— 4 2t By (66)

Op — ¢ Ay — g

The conclusion is that these both systems are equivalent. This
conclusion is apparently inconsistent with results obtained by
Tedder and Rudd (1978), who showed that there are some
regions of optimality of TCS-R and TCS-S separately, depend-
ing on values of relative volatilities and concentration of compo-
nents in the feed.

It is of course true that one of these systems might really be
“better” than the other. The results of the present work show
that it is only caused by differences in investment costs of these
systems, differences in numbers of plates required for the given
separation of components. Objective functions—minimum va-
por flows and minimum energies of separation—are in both

AB,C

B,C

cases the same. Energies of separation in both systems may dif-
fer only in the case when heats of vaporization of components B
and C are significantly different. But in this case the assumption
about equimolar flow rates in columns is not satisfied.

Comparison of TCS and TCS-I with TCS-R and
TCS-S

The optimum value of the goal function for the TCS is given
by Eq. 4.

i Ao A | B (67)
a,— ¢ a,— ¢ ag — ¢,
A
then Vo' (TCS) = —24 (68)
a, — ¢

and, on the basis of relations in Eq. 6, the following estimation
can be made:

Yo (TCS-R) = Aa, + Ca, Bay + Cac
ag— ¢ ac— ¢, Qap — Q¢
A B A )
> L% % T pe(TCS) (69)
a— ¢y ag—oc a,— ¢
B

liquid
——

Figure 5. Direct sequence (DS,).
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In the opposite case,

Ac, Aa, Boy

when < +
a - a;—¢, ag— ¢,

(70)

Ao, Bayg

then V(TCS) = +
ay,— ¢, oag— ¢,

(71)

and in a similar way

Boy Ao, + Boy Boy
+ >
ag — ¢ Xy — Op g — ¢,
Aa, Bayg Aa,

> +
a,—ag ap—&y a,— ¢

Vo (TCS-R) =

+ - V(TCS) (72)

Remembering equivalences that were proved, thermally coupled
systems are ordered as follows:

TCS = TCS-i < TCS-R = TCS-S (73)

Comparvison of thermally coupled systems with direct
and indirect sequence

Direct sequence (DS) and indirect sequence (IS) of distilla-
tion columns are the basic schemes for separation of a ternary

solution, as shown in Figures 5 and 6, respectively. The DS con-
sists of two columns connected by the stream of bottom product
from the first column, whereas in the IS columns are connected
by the top product. These systems can easily be decomposed into
single columns, because there are no recycling streams. When
columns operate at minimum reflux conditions there are no
decision variables apart from the thermodynamical state of the
stream connecting both columns (Fidkowski and Krolikowski,
1985). Columns in the optimum DS are connected by a boiling
liquid stream, whereas the stream connecting columns in the
optimum IS is in a state of saturated vapor. In the optimum
sequence the objective function, defined as the sum of minimum
vapor flow rates in both columns, reaches its minimum value,
due to the optimization task:

Minimize ¥V = ¥, + V,, where
V= V¥

Vuz Vi (74)

After computing minimum vapor flow rates in both columns of
DS, and ISY, where L, V respectively denote the liquid and

AB,C

s
|
o 1
o P
e

Figure 6. Indirect sequence (IS").
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vapor states of the connecting stream, using Underwood’s
method we obtain the formulae:

Aay Bay + Cop

Vo (DS), = + (75)
ay— ¢ &g — Q¢
B
Yo (IS)Y = Ao, . Boyg N (A4 + B)ag (76)
a;— ¢, ag— o, oy —ap

These formulas together with Egs. 6, 65, and 66 enable the fol-
lowing comparison of TCS-R with DS, and IS":

Yo (TCS-R) = Aoy . Cac Bag + Cac
a,— ¢ o — ¢ ap — d¢
- Aa, . Bay + Coc ~ VP (DS,
oy — ¢ Qg — Q¢

B A+ B
Yor(TCSR) = 4 + —20a_, (A + Bloy

ag — ¢, a, — og
- Aa, N Boy + (4 + B)oc,,= yor (IS")
=@ oap—¢  ay— 0y
Finally we obtain the relations:
TCS-R < DS, (79)
TCS-R < IS¥ (80)

Summary

Minimum energy requirements of the four thermally coupled
systems, TCS, TCS-1, TCS-R, TCS-S, and also of DS, and IS*,
separating a ternary ideal solution, were calculated and com-
pared. The result was the following sequence of systems:

S,

D
TCS = TCS-1 < TCS-R = TCS-S < {ISV (81)

Energy costs are usually the dominant factor in the total annual
costs of a distillation plant and may be used as a substitute
objective function. Investment costs may play a more consider-
able role in the case of difficult separable solutions. For these
cases an additional assessment of the real costs of systems
should be made. Results of this work may also be used for this
purpose in the calculation of energy costs.

Notation

A, B, C = flow rate of component A, B, C in the feed, kmol/s
F = feed flow rate, kmol/s
L = liquid flow rate, kmol/s
V = vapor flow rate, kmol/s
x = mole fraction in liquid phase
y = mole fraction in vapor phase
a = relative volatility
8 = defined by Eq. 2

@1, ¢, = roots of Underwood’s equation, Eq. 5

Subscripts

A, B, C = component A4, B, C
P,R = point P, R
I, 11, III = section of a given system, Figures 1-6

652 April 1987

Vol. 33, No. 4

Superscripts
M = minimum reflux conditions
opt = optimum
— = section of column below feed

Appendix A

The aim of this appendix is to show how to express variable x,
(concentration of component B in section 2 of TCS-R) as the
function of decision variables. In order to do that we introduce
expressions given by Egs. 21 and 13b instead of variables y, and
L, to the following balance equation:

Vive — Liuuxg = B (A1)
After rearrangements we have the quadratic equation
axi+ bxyz+c=0 (A2)
where
a= (Vi — B)az — ac)
b= [(Viy — B)ag — ac) — Ba]
¢ = Ba, (A3)
The discriminant of this equation is:
A= [(Viy — B)ag — ac) — Bac]2 (A4)
soA=0.
Two possibilities must be analyzed:
1.If A = O then
Vi = B—2 (A3)
g — Q¢
and xz; = 1.
2. If A> 0 then
Ay
Viu> B (A6)
Og — O¢

and the only root of Eq. A2 satisfying inequality 0 < xz < 1 is

Xp = ;l’_:_‘/_Z (A7)
2a

which after rearrangements gives Eq. 24.
Solution 1 must be rejected as unfeasible.

Appendix B

Let us compare Eqgs. 18 and 22, taking into account Eq. 24.
The following quadratic equation is obtained:

aVviy + bV +c¢=0 (B1)
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where

a=ay— Q¢

Ao
b=—"2 (a5 — ap) — Bay — Ca
aA—¢)(B ) B c
Aa,
= - —"— B«
a,—¢, (B2)

It is easy to prove that the discriminant of Eq. B1 is positive:

Ao, 2
A= (ag — ac) — Bay — Cac
Xy — ¢
A
+ 4 Lo (ag — ac)Bay >0 (B3)
ay— ¢

and this equation has two roots:

—b+ VA
Vg = ———— (B4)
2a
-b— VA
Vg = ——— (B5)
2a

Because | b| < VA then Vyia > 0and Vi, < 0, so the result Vy;,
is physically infeasible. Replacing a, b, and A in Eq. B4 by
expressions from Eqs. B2 and B3, we obtain Eq. 26.

Appendix C

We will now prove thatif L = L{?, then V7 given by Eq. 26
satisfies the inequality in Eq. 25.

Proof. Let us suppose that V,,; does not satisfy the relation in
Eq. 25:

Bay (94)

Vin=
ap — Q¢

AIChHE Journal April 1987

Let us replace ¥y, by the expression given in Eq. 26, multiplying
the inequality obtained by 2(a; — a(), and adding to both sides
the following expression:

Aa,

——(ay ~ a¢) — Bay, — Cac
a, — ¢

Because the smaller side of the inequality is positive, the in-
equality will still be satisfied when both sides are raised by
squaring. After reduction and rearrangements one can obtain:

(Bay + Cac)? < (Bay — Cag)? (95)

which leads to inconsistency, and the relation in Eq. 25 is satis-
fied.
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